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1 Introduction 



Much attention has been paid recently to gauge theories with extra dimensions to explore 
new possibilities for gauge symmetry breaking and solving the hierarchy problem without 
introducing additional Higgs fields[TJ E1H3IHE1E1II1IE1E1 ED]- For instance, in the 
gauge-Higgs unification scenario, extra components of gauge fields play a role of Higgs 
fields El- Attractive models of grand unified theories have been constructed on orbifolds, 
in which gauge symmetry breaking is caused by orbifolding 4J. With extra dimensions with 
boundaries, Higgsless gauge symmetry breaking can be realized via boundary conditions 
El 13 El- The interesting scenario of dimensional deconstruct ion [S] can be regarded as a 
gauge theory with latticized extra dimension. 

In those models, the notorious quadratic divergence problem of scalar fields is absent. 
In a higher dimensional point of view, this is easily understood because any divergences of 
mass corrections to gauge fields are protected by a higher dimensional gauge invar iance. 
In a 4-dimensional point of view, however, the cancellation of the divergences does not 
seem to be manifest because a remnant of higher dimensional gauge invariance is not 
apparent in 4d effective theories and the cancellation can occur only after all massive 
Kaluza-Klein modes are taken into account. (If we truncate massive KK modes at some 
energy, the cancellation becomes incomplete.) Furthermore, the cancellation still occurs 
even when 4d gauge symmetries are broken via orbifolding, the Hosotani mechanism or 
boundary conditions. Thus, in constructing phenomenological models, it will be important 
to understand higher-dimensional gauge invariance from a 4d effective theory point of 
view. 

Another appealing and well-known scenario to solve the problem of the quadratic di- 
vergence is to invoke supersymmetry. Then, it may be natural to ask a question whether 
these two kinds of theories, gauge theories with extra dimensions and supersymmetric 
theories, ever have some relation. The immediate answer is negative, since supersym- 
metry necessarily needs fermionic degree of freedom, while the cancellation mechanism 
of the quadratic divergence in the higher dimensional gauge theory does not necessitate 
it. We will, however, see that actually these two are related: (quantum- mechanical) su- 
persymmetry is hidden in the higher dimensional gauge theories. The main purpose of 
this paper is to show it. We note that quantum- mechanical supersymmetry, being + 1 
dimensional field theory, can be described without using any spinors. 

There exist some evidences for the existence of some kind of supersymmetry in 4d 
mass spectrum already at the truncated low-energy theory, as the remnant of higher 
dimensional gauge symmetry: If a 4d gauge symmetry is not broken, a massless 4d gauge 
field appears because 4d gauge invariance guarantees the gauge field to be massless. This 
may be explained from a supersymmetry point of view because supersymmetry ensures 
that the ground state has zero energy and the zero energy state is interpreted as the 
massless gauge field. The second evidence is that in a 5d gauge theory with a single 



2 



extra dimension, every massive mode of A 5;7l (a massive KK mode of the gauge field 
in the direction of the extra dimension) can be absorbed into the longitudinal mode of 
A^ n (a massive KK mode of the 4d gauge field) by gauge transformations. This fact 
implies that there should exist a one-to-one correspondence between A 5 ^ n and A^ n . The 
correspondence may be interpreted as supersymmetry between a "bosonic" state and a 
"fermionic" one, although both modes are bosonic. The last evidence is that a massless 
mode A5 (if exists) cannot be gauged-away and it appears as a physical state, in contrast 
to the massive modes A 5>n , which can be gauged-away and hence are unphysical modes. 
This observation is again consistent with supersymmetry because zero energy states do 
not form any supermultiplets between bosonic and fermionic states. 

In this paper, we show that a quantum-mechanical N = 2 supersymmetry exists in 
any gauge invariant theories with extra dimensions. To this end, we construct an N = 2 
superalgebra in terms of differential forms in Section 2. In Section 3, we show that the 
N = 2 supersymmetric structure appears in 4d mass spectrum of gauge theories with 
extra dimensions. In Section 4, extra dimensions with boundaries are discussed. For 
a 4+1-dimensional gauge invariant theory on an interval, a consistent set of boundary 
conditions with 5d gauge invariance is successfully obtained from a supersymmetric point 
of view. The Section 5 is devoted to summary and discussions. A simple proof of the 
Hodge decomposition theorem is given in an Appendix. 



2 N = 2 supersymmetry algebra and differential forms 

In this section, we construct an N = 2 supersymmetry algebra in terms of differential 
forms. We will see later that the N = 2 supersymmetry is realized in 4d mass spectrum 
of any gauge invariant theories with extra dimensions. 

Let K be a D-dimensional compact Riemannian manifold with a metric gij = 
1, 2, • • • , D). A k form uj^ on K is given by 

u (k) = yiO tll2 ... tk dy^ A dy^ A • • • A dy l \ (2.1) 

where y l (i — 1, 2, • • • , D) are coordinates on K and A denotes the wedge product. The 
coefficient uj il ... ik is totally antisymmetric in all k indices. The Hodge star (Poincare dual) 
operator on the k form u/ fc ) is defined by 

* ^ = k]{ ^_ k) ^.-n<l n ■ " A • • • A dy>°, (2.2) 

where g = det^j and €i 1 i 2 ...i D is a totally antisymmetric tensor with e\%..d = 1- Repeated 
applications of * on any k form give 

**cj« = (-l) fc ( D - fc )„«. (2.3) 
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The inner product of any two k forms u/ fc ) and rj^ is defined by 

(v (k) ^ (k) )A = ± J r d D y y /gAr] il ... ik u; jl ... jk g iljl ■ ■ ■ g™ 

= f A r/ fc) A *u; (fc) . (2.4) 

Here, we have introduced a weight function A(y) for later convenience with a property 

A(y) > 0. (2.5) 

Then, it follows that 

(i/*>y*>) A = ( W ( fc »,/») A) (2.6) 

(u<> k \uW) A > 0, (2.7) 
(^ k \*co (D -^) A = (-l) k(D - k \^ k \cu (D - k y) A . (2.8) 

The adjoint of the exterior derivative d is defined, with respect to the inner product (2.4), 
by 

(4 k ~ l \SJ k) ) A = (d?/*- 1 ), wW) A . (2.9) 

For compact manifold without a boundary 1 , the action of d$ on a k form o/ fe ) turns out 
to be of the form 

dV*) = _(_i)(*-i)s A -i * rfA * (2.10) 
For k — and 1, dW fc ) are explicitly written as 

dV 0) = 0, (2.11) 
= -J^djiAy/ggVui), (2.12) 

where u/ 1 ) = Uidy 1 . The first equation comes from the fact that S maps k forms into k — 1 
forms and there is no —1 form. We notice that the nilpotency of S still holds irrespective 
of A(y), i.e. 

{d r f = 0. (2.13) 

We can now construct an N = 2 supersymmetry algebra. To this end, we introduce a 
2-component vector 

l^ (fc) ) = ( C) ) , (2-14) 

where the upper (lower) component consists of a A; (k + 1) form. The inner product of 
two 2-component vectors and is defined by 

<n?>|n<*>> ee (4 fe Uf } )A + (4 k+1 \4 k+1) )A- (2.15) 



L An extension with boundaries will be discussed in Section 4. 
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Then, the N = 2 supercharges Q a (a — 1, 2) are given by 2 

We note that the action of Q a on |f2( fc )) is well defined. It is easy to show that they form 
the following N = 2 supersymmetry algebra: 

{Q a ,Qb} = 25 ab H, (2.17) 

[Q a ,H]=0, (2.18) 

[(-1) F ,H] = 0, (2.19) 

{(-l) F ,Q a } = 0, for a, b =1,2, (2.20) 

where the Hamiltonian H and the operator (— 1) F with F being the "fermion" number 
operator are defined by 

<™> 

We may call states with (-1) F = +1 (-1) "b osonic" ( "fermionic" ) ones. All the operators 
Q a , H and (— 1) F are hermitian with respect to the inner product (2.15). 

To examine the structure of the N = 2 supersymmetry algebra, let us consider the 
following Schrodinger-type equations: 

= ("»?>)W>>. (2.23) 

Since H = {Qif and Q\ = Q 1 , the eigenvalues (m^) 2 are positive semi-definite, i.e. 

(m«) 2 > 0. (2.24) 

Since (— 1) F commutes with H, we can have simultaneous eigenfunctions of H and (— 1) F 
such that 

H\mW,±) = (m«) 2 |m«,±), (2.25) 
(-l) F \mi k \±) = ±|m?>, ±). (2.26) 

Since Q\ commutes (anticommutes) with H ((— 1) F ), Qi\m^\±) have the same (oppo- 
site) eigenvalues of H ((— 1) F ) as \m£\±), i.e. 

H(Q 1 \mS\±)) = (ro?>) 2 (Qi|m« ±>), (2-27) 
(-l) F (Qi|m?>, ±>) = T(Qi\m^,±)). (2.28) 



2 Here, the inner product (2.4) should be extended for complex forms as 

(rt k \^) A = ^J d D y ^A(r]i 1 ...i k )*ujj 1 ...j k g iljl ■ ■■ g ikjk , 
and the relation (2.6) is then replaced by (rf k \ = ((o/ fe \ t]^)a)*- 
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Actually, the states \m!£\±) and Qi\m£\=f) are mutually related, with an appropriate 
phase convention, as 

Q l \ml k \±)=m^\ml k \ T )- (2.29) 

Since \mf£\ ±) have the form 

kf\+> = (^), (2-30) 



,(*) 





) > 



(2-31) 



the relations (2.29) are rewritten as 



rf4 fc) = rai k UL k+1 \ (2.32) 
d"€ +1) = (2.33) 

Therefore, there is a one-to-one correspondence between the eigenstates of Sd and deft 
for k and + 1 forms, respectively, and the eigenvalues are, in general, doubly degenerate 
except for = 0. 

In Appendix, we have shown that any k form can be expanded as 

A (k) = E + E'an^W + E ( 2 - 34 ) 

p=l «fc Wfc-l 

where {rj( k \p = 1, 2, • • • , 6 fc } is a complete set of the harmonic k forms and u;^ and 
are eigenfunctions of the equations 



<fdx>!g = faffi) 2 ^ for v^O, (2.35) 



d^SL = (^LMLi) formW^O. (2.36) 



The summations in eq. (2.34) should be taken over the eigenfunctions with nonzero eigen- 
values. Thus, we have found the following structure among a sequence of differential forms: 
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k + 2 form 



0(^+2) 



k + 1 form 



form 



fc — 1 form 



d ( 



,(*+!) 



d 



a; 



(fc+i) 




dt 





d t 



d 



S 



(k) 



| dt Jdt 



d t 



d 



dt 



a; 



3 Supersymmetry in gauge theories with extra di- 
mensions 

In this section, with the help of the previous analysis, we show that an N = 2 supersym- 
metry is hidden in 4d mass spectrum of any gauge invariant theories with compact extra 
dimensions without a boundary. To this end, we consider a (4+D)-dimensional abelian 
gauge theory with a weight function. The (4+D)-dimensional metric is assumed to be of 
the form 



ds 



;:2 _ e -%W{y) 



r]^dx^dx v + g ii i K y)dy % dy- 



(3.1) 



The (4+D)-dimensional coordinates are denoted by x M = (x^, y l ), where x^ (/i = 0, 1, 2, 3) 
are the 4-dimensional coordinates and y l (i = 1,2, ■ •• ,D) are the extra D-dimensional 
coordinates. The rj^ is a 4d Minkowski metric with T]^ = diag(— 1, 1, 1, 1), and W(y) 
and g%j{y) are assumed to depend only on the coordinates y % . We note that for D = 1 and 
W(y) = \k\y\ with g^{y) = e iW ^ y \ the metric reduces to the warped metric discussed by 
Randall and Sundrum[TT]. The action we consider is 



S 



d 4 xC 



K 



= Jd'xJ d D y^A[-\G MM 'G NN 'F MN F MIN , 
where A(y) is a weight function depending on y % and 



(3.2) 



F MN (x,y) = d M A N (x,y) - d N A M (x,y), 



(3.3) 
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G ^ = ( o e -i^ 9iM ) ■ 

G{y) = detG MN (y). (3.5) 
For our purpose, it is convenient to rewrite Ck into the form 

Ck = j d D y^A {-\g MM 'g NN 'F MN F M , N ,} , (3.6) 

where 

^ - ( v 9 ° {y) ) ■ w 

g(y) = detgij(y), (3.8) 
A(y) = A(y)e~ 2W ^\ (3.9) 

Thus, the system becomes identical to that of the gauge theory with the metric 

ds 2 = ri^dafdx" + g l] {y)dy i dyi (3.10) 

and the weight function A(y). 

In a viewpoint of the extra D-dimensions, the 4-dimensional gauge fields A^x^y) are 
regarded as forms, while the extra D-dimensional components Ai(x,y) are regarded as 
a 1 form, so that we may write 

A^(x,y)=A i (x,y)dy i . (3.11) 

Here, the exterior derivative d is defined by d — dy l di with respect to the coordinates 
on the extra dimensions. As was done in the previous section, we introduce the inner 
product for k forms as 

(v {k W k) U = ^/AvSA(l/)^,.j!/) W3 , ft (!/)fl!/)---r(!/). (3.12) 
It turns out that Ck can be written into the form 



1 



C K = --(d li A v -d l ,A li ,& i A v -&'A») 



A 



~{dA li -d ll A^,dA' i -d> t A^) A 

-UdAVdAV) A . (3.13) 



2 

As proved in Appendix, forms A^(x,y) can be expanded as 3 

A,(x,y) = Art(x)r,W+Y!Aw(x)u<£j(y) 



no 



= ^o(x)^ + E , ^#^ff(y), (3-14) 

no tTlno 



3 We have used the fact that the 0th Betti number 6 is equal to 1. 
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where 



,(o) 



/ d D y^A 



-1/2 



dd^S = (m£))Vffi, 



and 



; (0) 
no 



(0) ^n 
771 71Q 



for mj ^ 0, 



-dui°). 



(0) ™o 
TTlno 



(3.15) 

(3.16) 
(3.17) 

(3.18) 



Since A^(x,y) = A i (x,y)dy t is a 1 form, it can be expanded as 

p=l ni no 

bi 



E ^)^(y) + E'Nr^Sfo) + E'^#^2(y), (3.19) 



P =i 



where b\ is the 1st Betti number and 



(i) 

ni Tfln\ 



(0) 

no TTlno 



[m. 



(1)^2 



p = 1,2, •••,61, 
for m£> ^ 0, 



and 



' « } for <£) = 4^« 



(!) =_ 

n\ (1) Vni 



'ni (1) ni 



(3.20) 
(3.21) 
(3.22) 

(3.23) 



We should notice that the modes in A a (x,y) and (f>f£f in form a supermul- 

tiplet, as shown in the previous section. Inserting the mode expansions (3.14) and (3.19) 
into the Lagrangian Ck and using the orthogonal relations of the eigenfunctions, we have 



no 

1 61 



1 2 



« } ) 2 



■^^,no{ x ) (o)duh nQ (x) 

\ rrino 



E (PwpW 



p =i 



ni L 



(1)^2 



($n 1 (^)) 2 



(3.24) 



where 



Fnu,n( x ) = dnA U)n (x) - d u A a>n (x). (3.25) 

Therefore, we conclude that in a 4-dimensional point of view, the field contents of the 
model are given as follows: A^ is a massless gauge field. A^ no are massive vector bosons 
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with mass m^. h no are would-be Nambu-Goldstone bosons and can be absorbed into 
the longitudinal modes of A^ no . <p p (p = 1, 2, • ■ ■ , bi) are massless scalars and cannot be 
gauged-away. They could play a role of Higgs fields for non-abelian gauge theories[2j. $ ni 
are massive scalars with mass mW, The origin of the scalar fields cp p and $ ni are the 
extra dimensional components of the gauge fields. 



4 Extra dimensions with boundaries 

In this section, we extend the previous analysis to extra dimensions with boundaries. 
In this case, we have to impose boundary conditions at the boundaries. The criteria 
of obtaining a possible set of boundary conditions are, however, less obvious. For in- 
stance, the Dirichlet boundary conditions are used in Higgsless gauge symmetry breaking 
scenario [30 El, but the boundary conditions break 4d gauge symmetries explicitly. Thus, 
it is not clear whether such boundary conditions lead to consistent gauge theories. Re- 
cently, a criterion to select a possible set of boundary conditions has been proposed in ref. 
jB] . The authors require the boundary conditions to obey the least action principle. Since 
the requirement does not, however, rely on gauge invariance directly, it is still unclear 
that such boundary conditions lead to consistent gauge theories. Since gauge symmetry 
breaking can occur via boundary conditions, it is important to clarify a class of boundary 
conditions compatible with higher- dimensional gauge invariance. 

In the following, we discuss how to obtain a possible set of boundary conditions com- 
patible with gauge invariance from a supersymmetry point of view. To this end, let us 
consider a 4+1-dimensional abelian gauge theory on an interval 

S = Jd A x J Q L dyyf^(y) {~F MN (x,y)F MN (x,y)} (4.1) 

with a non-f actor izable metric 

ds 2 = e- 4W( -y\ v dx»dx v + g 55 (y)dy 2 . (4.2) 

The metric reduces to the warped metric discussed by Randall and Sundrum^J when 
9hh{y) — 1 an d W(y) = %k\y\. Another choice of g^{y) = e~ 4W ^ leads to the model 
discussed in ref. in which a hierarchical mass spectrum has been observed. 

In order to expand the 5d gauge fields A^(x, y) and A 5 (x, y) into mass eigenstates, we 
follow the discussions in Section 3 and consider the supersymmetric Hamiltonian, 4 

-d e —d 

y y/UsS y V955 

-A e " 4W x 



Q = v.''' ''V' (4.4) 



9y 



4 Here, we have represented H and Q in terms of the differential operator d y , instead of d and d> , so 



that they act on functions rather than forms. 
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which act on two- component vectors 

«-('«). («) 

The inner product of two states and is defined by 

(* 2 |*x) = / dyyjg 55 (y) f 2 (y)fx(y) + rT 92(y)9i(y) ■ (4.6) 

Jo v { 9bb{y) J 

To obtain consistent boundary conditions for the functions f(y) and g(y) in |\&), we first 
require that the supercharge Q is hermitian with respect to the inner product (4.6), i.e. 

(* a |<?*i) = (Q* 2 |*i>. (4-7) 

It turns out that the functions f(y) and g(y) have to obey one of the following four types 
of boundary conditions 5 : 

(4.8) 
(4.9) 
(4-10) 
(4.H) 

We further require that the state Q\^f) obeys the same boundary conditions as 
otherwise Q is not a well defined operator and "bosonic" and "fermionic" states would 
not form supermultiplets. The requirement leads to 

d y f(0) = d y f(L) = 

/ -m \ / -aw \ 

dy(^9)(0)=dJ e —= g )(L) = 

\V9tt J \V955 J 



9(0) 


= g(L) 


= 0, 


/(O) 


= f(L) 


= 0. 


9(0) 


= f(L) 


= 0, 


f(0) 


= g(L) 


= 0. 



for i), 


(4.12) 


for ii), 


(4-13) 


for iii), 


(4-14) 


for iv). 


(4.15) 



f -AW \ 
d y f(0) = d y —=g (L) = 

/ -4W \ 

dy{—g)(0)=dyf(L) = 

Combining the conditions (4.8)-(4.11) together with (4.12)-(4.15), we have found the four 
types of boundary conditions compatible with supersymmetry, 

^M:(W)=W=». (4,6) 



5 If we allow f(L) {g{L)) to be connected with /(0) (g(0)), we have a one parameter family of the 
boundary conditions 12 : 

g I (0) -sin0 f g I (L) = 0. 
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/(0) = /(L) = 0, 

SJ(O) = /(£) = o, 

9( o) = a s (^ g )(L) = o, < 4 - 18 ' 
f(o) = a„/(L) = o, 

a„(^ 9 ) ( o) = 9( L) = o. < 4J9 > 

It follows that the above boundary conditions ensure the hermiticity of the Hamiltonian, 
i.e. 

(# 2 |##i) = (## 2 |*i)- (4.20) 

Therefore, we have succeeded to obtain the consistent set of boundary conditions that 
ensure the hermiticity of the supercharges and the Hamiltonian and also that the action of 
the supercharge on 1^) is well defined. Since the supersymmetry is a direct consequence 
of higher-dimensional gauge invariance, our requirements on boundary conditions should 
be, at least, necessary conditions to preserve it. It turns out that the boundary conditions 
obtained above are consistent with those in ref. although it is less obvious how the 
requirement of the least action principle proposed in ref. [6] is connected to gauge invari- 
ance. We should emphasize that the supercharge Q is well defined for all the boundary 
conditions (4.16)-(4.19) and hence that the supersymmetric structure always appears in 
the spectrum, even though the boundary conditions other than the type (N,N) break 4d 
gauge symmetries, as we will see below. 

From the above analysis, the 5d gauge fields A^(x,y) and A 5 (x,y) are expanded in 
the mass eigenstates as follows: 

M^y) = T, A ^(x)f n {y), (4.21) 

n 

A 5 (x,y) = J2h n (x)g n (y) (4.22) 

n 

where f n (y) and g n (y) are the eigenstates of the Schrodinger-like equations 

1 e~ AW 

d y —d y f n (y) = m 2 J n (y), (4.23) 



- dy dy —_ gn (y) = mlg n (y) (4.24) 



955 V #55 

1 _e- 4W 

955 \/955 

with one of the four types of the boundary conditions (4. 16)- (4. 19). Since the massless 
states are especially important in phenomenology, let us investigate the massless states 
of the equations (4.23) and (4.24). Thanks to supersymmetry, the massless modes would 
be the solutions to the first order differential equation Q\^o) = 0, i.e. 

d y fo(y) = 0, (4.25) 
\ 

-Mv) = 0- (4.26) 
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The solutions are easily found to be 



My) = c, (4.27) 
go(y)=ce iW ^^M, (4.28) 



where c and d are some constants. We should emphasize that the above solutions do not 
necessarily imply physical massless states of A^ (x) and ho(x) in the spectrum. This is 
because the boundary conditions exclude some or all of them from the physical spectrum. 
Indeed, fo(y) ((go (y))) satisfies only the boundary conditions of the type (N,N) (type 
(D,D)). Thus, a massless vector A^o(x) (a massless scalar ho(x)) appears only for the 
type (N,N) (type (D,D)) boundary conditions. This implies that the 4d gauge symmetry 
is broken except for the type (N,N) boundary conditions. 

Let us next discuss geometrical meanings of the boundary conditions. To this end, it 
is convenient to rewrite the equations (4.23) and (4.24) into a familiar form of the N = 2 
supersymmetric quantum mechanics. Reparametrizing the coordinate y such that 

ds 2 = e~ m& (ri^dx^dx 1 ' + dy 2 ) , (4.29) 

where W(y) = W(y(y)), we can rewrite the equations (4.23) and (4.24) into the form 6 

-VyVyf n (y)=m 2 J n (y), (4.30) 

-VyV y ~g n (y) = m 2 n g n (y), (4.31) 

where 

e W ^f n (y) = fn(y), (4.32) 

e" m " ] 4^MUy)=9n(y), (4.33) 

Vy = d y + W'(y), (4.34) 
Vy = d y -W'(y). (4.35) 

Here, the prime denotes the derivative with respect to y. The Hamiltonian and the 
supercharge can be written, in this basis, as 



H = Q 2 



-VyVy 

'VyVy 



-AS - W{y) + (W'(y)f 



~\\2 



-d 2 , + W"(y) + (W'(y)) 



(4.36) 



Q = [° ^ • (4.37) 



6 Shaposhnikov and Tinyakov.Q have observed that mass eigenfunctions for A^(x, y) satisfy a similar 
equation to eq.(4.30) in a 5d gauge theory with a weight function. The supersymmetric structure is, 
however, obscure due to the gauge A^(x,y) = 0. 
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These expressions are nothing but the N = 2 supersymmetric quantum mechanics given 
by WittenfTij. and W{y) is called a superpotential. In this basis, the boundary conditions 
(4.16)-(4.19) become 




f'iih) + W'OtiHvo) = Hvl) + W'(y L )f(y L ) = 0, 

g(yo) = Kvl) = o, 
Km) = Kvl) = o, 

9'(yo) - W'(y )g(y ) = g'(y L ) - W'{y L )~g{y L ) = 0, 

f'(yo) + W'(y )f(y ) = Kvl) = 0, 
9(m) = ~9'{Vl) - W'(y L )~g(y L ) = 0, 

f(yo) = hy L ) + W'(y L )f(y L ) = 0, 
g'(y ) - W'(y )~g(yo) = g{y L ) = 0, 



(4.38) 
(4.39) 
(4.40) 
(4.41) 



where x/q = y(y = 0) and yi = y(y = L). For the Dirichlet boundary conditions of 
f(y) = and g(y) = at y = yo,yi, we can interpret them as the existence of rigid 
walls at the boundaries. For the other boundary conditions of f'(y) + W(y)f(y) = and 
g'(y) — W(y)g(y) = at y = yo,yL, we can also interpret them as the existence of delta 
function potentials at the boundaries. Since for a delta function potential a localized 
(bound) state can appear, the low energy spectrum will have interesting properties for a 
non-trivial function VT(?y)|51 |llj. 

Before closing this section, it is instructive to investigate 5d gauge invariance in non- 
abelian gauge theories. Let G and if be a non-abelian gauge group and its subgroup, 
respectively. We consider the situation that the 4d gauge symmetry G is broken to H 
via boundary conditions. We denote the generators of G, H and G/H by {T 1 }, {T a } 
and {T a }, respectively. The 4d gauge symmetry breaking of G — > H may be realized 
by imposing the type (N,N) boundary conditions on the gauge fields A%[(x, y), which 
correspond to the unbroken generators of H, and one of the other boundary conditions 
on Aj^(x,y), which correspond to the broken generators of G/H. 

Infinitesimal gauge transformations will be given by 

5A T M (x,y) = d M s I (x,y)+gf IJK A J M (x,y)s K (x,y), (4.42) 

where g is the 5d gauge coupling constant and f IJK are the structure constants of G. The 
boundary conditions for the gauge parameters e 7 (x, y) should be taken to be the same 
as A J (x, y). This requirement comes from the consistency with the inhomogeneous terms 
in eq. (4.42). In order for the 5d gauge invariance under the transformations (4.42) to 
preserve, the homogeneous terms on the right-hand-side of eq. (4.42) have to obey the 
same boundary conditions as A T M (x,y). Then, it turns out that this is the case provided 
thatpU 

f bd = 0. (4.43) 

Although the above conditions are not, in general, satisfied for arbitrary choice of G and 
H, they can be realized, for instance, if the Z2 parity for the generators of G are assigned 
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as 




(4.44) 
(4.45) 



It is interesting to note that this happens for gauge symmetry breaking via Z2-orbifoldingj3] 
Thus, we have found that the 5d gauge invariance is preserved under the infinitesimal 
gauge transformations (4.42) with the conditions (4.43), even though the 4d gauge sym- 
metry G is broken to H in the 4d effective theory. 

5 Summary and Discussions 

We have discovered the quantum-mechanical N = 2 supersymmetry on any compact 
Riemannian manifolds without a boundary, and explicitly constructed the N = 2 super- 
charges in the language of differential forms. The technology has been applied to gauge 
invariant theories with extra dimensions, and the supersymmetric structure has been 
observed between 4d and extra-space components of gauge fields. The supersymmetry 
manifests itself in their 4d mass spectrum and massless 4d modes are found to be the 
solutions to the first order differential equation 



It is then clear that the massless modes possess distinct analytic properties from other 
massive modes, which obey the 2nd order differential equations. 

We have also discussed boundary conditions in gauge theories on extra dimensions with 
boundaries. In a gauge symmetry point of view, it is less obvious to obtain a possible set 
of boundary conditions consistent with gauge invariance because some of the boundary 
conditions explicitly break 4d gauge symmetries. On the other hand, in a supersymme- 
try point of view, the requirement of 5d gauge invariance is replaced by the conditions 
that the supercharges are hermitian and also that the action of the supercharges are well 
defined on a functional space with definite boundary conditions. In this framework, 4d 
gauge symmetry breaking via boundary conditions 7 may be interpreted as "spontaneous" 
supersymmetry breaking with no zero energy state 8 . We should emphasize that the su- 
percharges are well defined in quantum mechanics even if there is no zero energy state, 
and hence that the degeneracy between "bosonic" and "fermionic" states still holds. In 
this sense, the boundary conditions we obtained are consistent with 5d gauge invariance, 
even if some of 4d gauge symmetries are broken via boundary conditions. 

7 Here, we say that a 4d gauge symmetry is broken if there is no massless 4d gauge boson corresponding 
to the gauge symmetry. 

8 We use the words, "spontaneous" supersymmetry breaking, by analogy with supersymmetric quantum 
field theory, in which if there is no zero energy state, supersymmetry is spontaneously broken. Then, 
supercharges become ill defined and the degeneracy between bosons and fermions is lost. 



Q|*o) = o. 



(5.1) 
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Since the origin of the supersymmetry is the gauge invariance in higher dimensions, 
we expect that any higher dimensional theories with gauge-like symmetries possess super- 
symmetry. Such an example is a gauge theory with an antisymmetric field, which often 
appear in string theory. Since the action of the antisymmetric gauge field can be written 
in terms of differential forms, it will be straightforward to show the N = 2 supersymmetric 
structure of the theory. It turns out that the N = 2 supersymmetry is actually enhanced 
in particular dimensions and that the N = 2 supersymmetry algebra given in Section 2 
can be extended to an N = 4 supersymmetry algebra by adding a duality operator. The 
results will be reported elsewhere [T5]. 



A HODGE DECOMPOSITION THEOREM 

In this appendix, we give a simple proof of the Hodge decomposition theorem by use of 
the eigenf unctions of the differential operators Sd and ddJ . 

Since d^d is a hermitian operator, the eigenfunctions will form a complete set. Thus, 
any k form can be expanded as 

where 

dJ k) = 0, (A.2) 
d)d^ = (mgJ) a a;W for m» ^ 0. (A.3) 

Here, ^ denotes the summation over all eigenstates with m$jj ^ 0. Since dS is also a 

hermitian operator, can be expanded as 

'^f'+E'^C (A.4) 



where 

JtjW = dr] { k) = 0, (A.5) 

dS^ k _ 1 = (rn{t?)VSL for mit? ± 0. (A.6) 

It is convenient to further introduce the eigenfunctions of dd^ for k + 1 forms and d^d for 
k — 1 forms as 

dd^ = (m«)V£ +1) > (A-7) 

dU^-V = (Tng:?)Mt?- (A-8) 

As shown in Section 2, u;( fc ) and 6^' are related to 0l fe+1 - ) and u;^ -1 ) as 

mgo,W = rft 0£+ D or m (*)^ + i) = (A.9) 

= ^ - = (a.io) 
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A k form satisfying eqs.(A.5) is called a harmonic k form which can be expanded, in terms 
of a complete set of the harmonic k forms {r]^ k \ p — 1, 2, • • ■ , bk}, as 

^ = Ewf (A.ll) 

P =i 

The integer b^, which is the number of the independent harmonic k forms, is called the 
kth Betti number and is known as a topological number of the manifold. 
We have thus found that any k form can be expanded as 



A {k) = E^ + EV^+EV^L 



p=l n k n k _ 1 

,/ a 



bk ■ " / b 



= E cd k) + E + E ^T) (A. 12) 

P =i n k rrin k n fc _! Tn n , k _ 1 

This implies that any k form has the decomposition of the form 

= jjW + dt^Cfc+i) + (A. 13) 

This completes a proof of the Hodge decomposition theorem. 
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